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Universal properties of the near-horizon geometry
Sebastian Murk and Daniel R. Terno
Department of Physics and Astronomy, Macquarie University, Sydney, NSW 2109, Australia
We derive universal properties of the near-horizon geometry of spherically symmetric black holes. These
properties follow solely from the existence of an apparent horizon and its regularity. Only two types of solutions
are possible, and both appear at different stages of the black hole formation. If semiclassical gravity is valid,
then accretion after horizon formation inevitably leads to a firewall that violates the quantum energy inequalities.
Consequently, physical black holes can only evaporate once a horizon has formed. We describe how these results
extend to modified theories of gravity, including Einstein–Cartan theories. Comparison of the required energy
and time scales with the known semiclassical results suggests that the observed astrophysical black holes are
horizonless ultra-compact objects, and the presence of a horizon is associated with currently unknown physics.
I. INTRODUCTION
Models of astrophysical black hole candidates describe
them as either horizonless ultra-compact objects (UCOs) or
physical black holes [1]. Both are consistent with the current
precision data [2, 3] and have theoretically appealing proper-
ties as well as arguably undesirable features. Future observa-
tions are expected to differentiate between the two classes by
resolving differences in the geometry on the scale of the hori-
zon [1, 4]. A good understanding of the near-horizon domain
is therefore particularly important.
Spherical symmetry considerably simplifies the analysis.
Nonetheless, definite results can be obtained only if the solu-
tions under consideration are either static or asymptotic and/or
matter follows a prescribed evolution [5–9]. Numerical stud-
ies must assume the matter content and the equations of state
[10]. As a result, despite spectacular successes in modeling
the behavior of UCOs, the question of whether or not hori-
zons exist is still open [4, 11].
Here we derive properties that inevitably follow from the
existence of spherically symmetric horizons using a self-
consistent approach. Working in the framework of semiclassi-
cal gravity [12–14], we use classical notions (horizons, trajec-
tories, etc.) and describe dynamics via the Einstein equations
Gµν = Tµν or modifications thereof.
There is no unanimously agreed upon definition of a black
hole [11], but strong gravity that locally prevents light from
escaping is a common characteristic. A physical black hole
(PBH) [15] has a trapped region, i.e. it contains a space-
time domain where ingoing and outgoing future-directed null
geodesics originating from a two-dimensional spacelike sur-
face with spherical topology have negative expansion [7, 8,
16]. Its evolving outer boundary is the apparent horizon. In
spherical symmetry it is unambiguously defined in all folia-
tions that respect this symmetry. To be of physical relevance,
the apparent horizon must form in finite time according to
the clock of a stationary observer situated at spacelike infinity
(Bob) [17].
We investigate the consequences of the existence of PBHs,
assuming only that the apparent horizon is a regular surface in
the sense that the curvature invariants there are finite. Within
any given theory, we do not assume any specific matter con-
tent nor a quantum state ω that produces the expectation val-
ues of the energy-momentum tensor (EMT) Tµν = 〈Tˆµν〉ω.
Note that this EMT describes the total matter content — both
the original collapsing matter and the produced excitations.
We do not assume the presence of Hawking-like radiation. A
PBH may possess an event horizon and singularity, or may be
a regular black hole.
The results that we establish follow from the construction
of finite invariants from divergent quantities. A general spher-
ically symmetric metric in Schwarzschild coordinates is given
by
ds2 = −e2h(t,r)f(t, r)dt2 + f(t, r)−1dr2 + r2dΩ, (1)
where r denotes the areal radius. These coordinates pro-
vide geometrically preferred foliations with respect to Ko-
dama time, a natural divergence-free preferred vector field
[16, 18, 19]. Using the advanced null coordinate v the met-
ric is written as
ds2 = −e2h+
(
1− C+
r
)
dv2 + 2eh+dvdr + r2dΩ. (2)
The Misner–Sharp (MS) mass [16, 20] C(t, r) is invariantly
defined via
f(t, r) := 1− C/r := ∂µr∂µr, (3)
and thus C(t, r) ≡ C+
(
v(t, r), r
)
. The functions h(t, r)
and h+(v, r) play the role of integrating factors in coordinate
transformations, such as
dt = e−h(eh+dv − f−1dr). (4)
The apparent horizon is located at the Schwarzschild radius
rg(t) ≡ r+(v) that is the largest root of f(t, r) = 0 [16, 21].
We use the invariants T := T µµ and T := T
µνTµν to ex-
press the regularity of the apparent horizon [17] and assume
that the dynamics is governed by the standard Einstein equa-
tions of general relativity (GR) unless stated otherwise. Then
T ≡ −R/8pi and T ≡ RµνRµν/64pi2, where Rµν and R are
the Ricci tensor and Ricci scalar, respectively. It is convenient
to introduce
τt := e
−2hTtt, τ
r := T rr, τrt := e
−hT rt . (5)
In this notation the three Einstein equations for Gtt, G
r
t , and
2Grr are
∂rC
r2
= 8pi
τt
f
, (6)
∂tC
r2
= 8piehτrt , (7)
∂rh
r
= 4pi
(τt + τ
r)
f2
. (8)
This manuscript is structured as follows: first, we review
properties of the near-horizon geometry for a general dynamic
solution. We then show that the so-called non-singular solu-
tions are either static or describe the PBH dynamic only in the
extreme case. We indicate how our results can be extended
to several modified theories of gravity. Finally, we outline the
only PBH formation scenario that is consistent with our find-
ings and discuss its implications.
II. BLACK HOLE SOLUTIONS
A. Generic solution
The two scalars
T = (τr−τt)/f, T =
(
(τr)2+(τt)
2−2(τrt )2
)
/f2, (9)
are required to be finite at the apparent horizon, i.e. the lead-
ing terms in the functions τa, a ∈ {t, tr, r}, must scale as fk
for some k as r → rg. In GR, the term T θθ ≡ Tϕϕ and does not
affect the convergence properties of Eq. (9). A priori, there
are infinitely many functions that satisfy these requirements
and potentially describe the near-horizon geometry. However,
it was shown that only two classes of dynamic solutions (with
k = 0, 1) satisfy the regularity conditions [22]. We demon-
strate below that the case k = 0 with
τt ≈ τr = −Υ2 +O(
√
x), τrt = −Υ2 +O(
√
x), (10)
for some Υ(t), where x := r − rg is the coordinate distance
from the apparent horizon, is the only appropriate description
of the EMT near an evolving apparent horizon beyond forma-
tion of the first marginally trapped surface.
If the EMT components satisfy Eq. (10), then the metric
functions that solve Eq. (6) and Eq. (8) are
C = rg − 4pir3/2g Υ
√
x+O(x), h = −1
2
ln
x
ξ
+O(√x),
(11)
where ξ(t) is determined by the choice of time variable and
the higher-order terms depend on the higher-order terms in
the EMT expansion [23]. Eq. (7) must then hold identically.
Both sides contain terms that diverge as 1/
√
x, and their iden-
tification results in the consistency condition
r′g/
√
ξ = ±4√pirgΥ, (12)
where the lower (upper) sign corresponds to evaporation (ac-
cretion), analogous to the signature of τ rt . The invariants T
and T are finite by construction, and direct calculations show
that all remaining algebraically independent scalars are finite
[24]. Taking τt → τr → +Υ2 yields complex-valued solu-
tions (see Ref. [17], Appendix C). On the other hand, a neg-
ative sign of τt and τ
r results in violation of the null energy
condition (NEC) [7, 9, 25, 26] in the vicinity of the apparent
horizon for both signs of τ rt . A future-directed outward (in-
ward) pointing radial null vector kµ satisfies Tµνk
µkν < 0
for the contracting (expanding) Schwarzschild radius rg [17].
This result should be comparedwith the conclusions of Sec.
9.2 of Ref. [7] that in general asymptotically flat spacetimes
with an asymptotically predictable future the trapped surface
cannot be visible from future null infinity unless the weak
energy condition is violated. Here, we are only considering
the spherically symmetric setting, but without making any as-
sumptions about the asymptotic structure of spacetime.
Useful information can be obtained by working with re-
tarded and advanced null coordinates. If r′g > 0, it is con-
venient to use the retarded null coordinate u. For r′g < 0, the
advanced null coordinate v is particularly useful,
C+(v, r) = r+(v) +
∑
i>1
wi(v)(r − r+)i, (13)
h+(v, r) =
∑
i>1
χi(v)(r − r+)i, (14)
for some functions wi(v), χi(v), where w1 6 1 due to the
definition of r+. This is the general form of the metric func-
tions in (v, r) coordinates that ensures finite curvature scalars
at the apparent horizon. It allows to eliminate the majority of
candidates for the functions τ . In this case the components of
the EMT are related by
θv := e
−2h+Θvv = τt, (15)
θvr := e
−h+Θvr = (τ
r
t − τt)/f, (16)
θr := Θrr = (τ
r + τt − 2τrt )/f2, (17)
whereΘµν denotes the EMT components in (v, r) coordinates
[22].
A static observer finds that the energy density ρ =
Tµνu
µuν = −T tt, pressure p = Tµνnµnν = T rr, and flux
φ := Tµνu
µnν , where uµ is the four-velocity and nµ is the
outward-pointing radial spacelike vector, diverge at the appar-
ent horizon. The experience of a radially-infalling observer
Alice moving on the trajectory xµA(τ) = (tA, rA, 0, 0) is dif-
ferent, and also differs from the infall into a classical eternal
black hole.
First, horizon crossing happens not only at some finite
proper time τ0, but due to the form of the metric also at a
finite time t0(τ0), rg
(
t0(τ0)
)
= rA(τ0) according to the clock
of a distant observer Bob. This is particularly easy to see for
ingoing null geodesics, where
dt
dr
= −e
−h(t,r)
f(t, r)
→ ± 1
r′g
(18)
at r = rg, the rhs is obtained by using Eqs. (11) and (12) [23]
(see Appendix A for details), and the upper sign corresponds
3to evaporation. This is consistent with the coordinate transfor-
mation of Eq. (4) that results in the leading order expansion
t(v, rg + δr) = t(rg) + δr/r
′
g.
For an evaporating black hole (r′g < 0), energy density,
pressure, and flux in Alice’s frame are finite. For example, if
the geometry is approximately Vaidya (w1 = 0, χ1 = 0), then
ρ<A = p
<
A = φ
<
A = −
Υ2
32pir˙2A
, (19)
at r+ = rA [24], where r˙A ≡ drA/dτ . However, upon cross-
ing the apparent horizon of an accreting PBH, Alice encoun-
ters a firewall,
ρ>A = −
2r˙2A
rgX
+O(1/
√
X), (20)
whereX := rA(τ) − rg
(
tA(τ)
)
[24].
Violations of the NEC are bounded by quantum energy in-
equalities (QEIs) [26, 27]. For spacetimes of small curvature,
explicit expressions that bound the time-averaged energy den-
sity for a geodesic observer were derived in Ref. [28]. This
bound is violated by the 1/f2 divergence of the energy den-
sity. Thus we are faced with the following conundrum: either
accretion to an UCO can only occur before the first marginally
trapped surface appears, and PBHs, once formed, can only
evaporate, or semiclassical physics breaks down at the hori-
zon scale. We restrict our discussion to evaporating PBHs in
what follows.
The triple limit τa → −Υ2 was observed in ab initio
calculations of the renormalized EMT on a Schwarzschild
background [29]. Transformation to the orthonormal basis
shows that the EMT of these solutions is similar to type II
in the Segre–Hawking–Ellis classification scheme [7, 25]. At
r ∼ rg, the EMT coincides with that of a perfect exotic
(i.e. NEC-violating) null fluid only if the metric is sufficiently
close to Vaidya metrics (see Appendix A). However, it is the
key ingredient of matter near the apparent horizon and be-
comes dominant as r → rg for all for all τa ∼ f 0 solutions.
B. Extreme solution. Static solutions
The static solution with k = 0 is impossible, as in this case
T would diverge at the apparent horizon. Consequently, EMT
components that allow for static solutions must behave dif-
ferently. Many models of static non-singular black holes as-
sume a finite-valued energy density and pressure at the ap-
parent horizon [15, 30, 31]. With respect to the invariants of
Eq. (9), this is the k = 1 solution, with
τt → E(t)f, τr → P (t)f, τrt → Φ(t)f, (21)
where ρ = E and p = P at the apparent horizon. Any two
functions can be expressed algebraically in terms of the third
and 8pir2gE 6 1 (Appendix B provides a brief summary of
their properties and gives explicit expressions for the metric
functions C ≈ rg + 8pir2gx and h).
We now show that only a unique dynamic case with the
extreme value of E is possible. From Eqs. (15) and (13) it
follows that w1 = 1. As a result, as C+(v, r) − r changes
sign at r = r+, the leading terms in the expansion of the MS
mass in Eq. (13) are C+ = r+ + y + w3y
3, where w3 ≤ 0
and y := r − r+. If w3 = 0 the nonlinear terms begin from a
higher odd power.
This expression for the mass must coincide with
C
(
t(v, r+ + y), r+ + y). We use Eq. (18) to obtain the ex-
pansion parameter x := r − rg as x(v, y) = −r′′g y2/(2r′g2) +
O(y3). This implies that
C+ = C = rg + y + (1− 8pir2gE)
r′′g y
2
2r′g
2
+O(y3), (22)
and thus E ≡ 1/(8pir2g ). Using the next (half-integer) terms
in the expansion of τt leads to f ≈ c32(t)x3/2/rg for some
coefficient c32(t) > 0, setting via Eq. (21) the scaling of other
leading terms in the EMT. Consistency of Eqs. (7) and (8)
implies P = −E = −1/(8pir2g) and Φ = 0. From the next
order expansion we obtain that h = − 32 ln(x/ξ) + O(
√
x)
and the relation r′g = −c32ξ3/2/rg (Appendix B presents the
details of the calculations).
On the other hand, solutions with a time-independent appar-
ent horizon or general static solutions do not require w1 = 1
to satisfy Eqs. (15)–(17). Since r+(v) = rg(t) = const it
is possible to have non-extreme solutions. Then Eq. (7) im-
plies Φ = 0 and the identity E = −P follows from Eq. (17),
leading to a regular function h(t, r). However, in this case
Eq. (4) indicates that the apparent horizon cannot be reached
in a finite time t.
III. PHYSICAL BLACK HOLES IN MODIFIED GRAVITY
There are numerous arguments as to why a classical theory
of gravity may or should differ from GR [32]. Strong fields in
the vicinity of UCOs are one of the regimes where the effects
of modified gravity are expected to be discernable. Mathe-
matically, these theories are typically more involved than GR,
and exact and approximate black hole solutions are used both
to test the consistency of such theories and also to differentiate
between models of horizonless UCOs and PBHs [33].
One group of models includes various additional curvature-
dependent terms in the gravitational Lagrangian, Lg = R +
λF(gµν , Rµνρσ), where λ is a small dimensionless parameter
[32, 34, 35]. The Einstein equations are modified by fourth or
higher-order terms, Gµν + λEµν = 8piTµν , where the terms
Eµν result from the variation of F [36]. The most general
spherically symmetric metric is still given by Eq. (1), and the
requirements of finiteness of T and T are still meaningful.
However, they are no longer directly related to the finiteness
of the curvature scalars. For example, in f(R) theories [35],
L = f(R),
f′(R)R + 2f(R) + 3f′(R) = 8piT, (23)
and unlike in GR the finiteness of T θθ is not guaranteed a pri-
ori. It is conceivable that the metric is such that the curvature
4invariants are finite, butR and thusT diverge at the apparent
horizon.
Nevertheless, the two types that were discussed above are
the only perturbatively possible classes of solutions in spheri-
cal symmetry. While their existence must be established sep-
arately for each theory, it is clear that divergences stronger
than those allowed in GR are not permitted at any order of
Tµν = T¯µν + λT
(1)
µν + · · · , where T¯µν denotes the unper-
turbed GR expression. Such terms will contribute stronger
singularities to the functions C and h, and thus invalidate the
perturbative expansion close to the apparent horizon.
The Einstein–Cartan theory of gravity is a modification of
GR in which spacetime can have torsion in addition to curva-
ture [34, 37]. The torsion tensor is expressed as the antisym-
metric part of the connection Qµνη =
1
2 (Γ
µ
νη − Γµην). Despite
having a non-metric part of the connection, it is still assumed
that ∇gµν = 0. The full set of equations now consists of the
equations for Gµν that are related to the EMT, and the equa-
tions for Qµνη that relate the torsion to the density of intrinsic
angular momentum.
However, it is possible to represent this system by a single
set of Einstein equations with an effective EMT on the rhs,
G˚µν = 8piT
eff
µν , (24)
where G˚µν is derived from the metric alone and the effective
EMT includes terms that are quadratic in spin [37, 38]. Re-
quiring now that R˚µν and R˚
µνR˚µν are finite at the apparent
horizon r = rg leads to the same types of PBH solutions.
IV. IMPLICATIONS FOR BLACK HOLE FORMATION
Consider now possibilities for horizon formation. Assume
that the first marginally trapped surface appears at some vS at
r = r+(vS). For v 6 vS the MS mass in its vicinity can be
described by modifying Eq. (13) as
C(v, r) = σ(v) + r∗(v) +
∑
i>1
wi(v)(r − r∗)i, (25)
where the deficit function σ(v) 6 0, and r∗(v) corresponds
to the maximum of ∆v(r) := C(v, r) − r. At the advanced
time vS the location of the maximum corresponds to the first
marginally trapped surface, r∗(vS) = r+(vS) and σ(vS) =
0. For v > vS the MS mass is described by Eq. (13). For
v 6 vS the (local) maximum of ∆v satisfies d∆v/dr = 0,
hence w1(v) − 1 ≡ 0. Before the PBH is formed there are
no a priori restrictions on the evolution of r∗. However, since
an accreting PBH leads to a firewall, r′+(vS) 6 0. Since the
trapped region is of a finite size for v > vS the maximum of
C(v, r) does not coincide with r+(v). As a result, w1(v) < 1
for v > vS.
This scenariomeans that at its formation a PBH is described
by a k = 1 solution that is necessarily extreme. It immediately
switches to the k = 0 solution. Since the energy density and
pressure are negative in the vicinity of the apparent horizon
and positive in the vicinity of the inner horizon [15, 24], den-
sity and pressure jump at the intersections of the two horizons.
However, an abrupt transition from f1 to f0 behavior is only
of conceptual importance: this aspect of the evolution is con-
tinuous in (v, r) coordinates and there will be no discontinuity
according to observers crossing the r = r∗ and subsequently
r = rg surfaces.
The universal properties of PBHs follow from the existence
and regularity of the apparent horizon. The NEC is violated
in the vicinity of the apparent horizon and the matter content
is dominated by a null fluid. The near-horizon EMT is char-
acterized by two functions of time and does not depend on the
properties of the collapsing matter. If the semiclassical pic-
ture is valid, then accretion leads to a firewall that violates the
bounds on the violation of the NEC. As a result, accretion can
occur only before a PBH is formed. This firewall is not an
artifact of spherical symmetry. The same effect was demon-
strated for the Kerr-Vaidya metric [39]. While a sufficiently
slow massive test particle can be prevented from crossing the
horizon, the crossing generally happens in finite time accord-
ing to a distant observer. Taking the proper radial velocity to
be of the order of one (for a test particle falling from infin-
ity with zero initial velocity into a Schwarzschild black hole
r˙(τ) = −3/4 at r = rg), we see that the time dilation for a
non-stationary Alice is dtA/dτ ∼ |r′g|−1 at the apparent hori-
zon.
On the other hand, it is still not clear how the collapsing
matter actually behaves. Violation of the NEC in some vicin-
ity of the apparent horizon is incompatible with the preserva-
tion of the normal character of the collapsing matter. Thus
we must presume some mechanism that converts the origi-
nal matter into the exotic matter present in the vicinity of the
forming apparent horizon, thereby creating something akin to
a shock wave to restore the normal behavior near the inner
horizon. Alternatively, the observed UCOs may actually be
horizonless — not due to some exotic supporting matter or
dramatic variation in the laws of gravity, but simply because
the conditions for the formation of a PBH have not been met
at the present moment of t. Indeed, emission of Hawking-like
radiation does not require the formation of an event or even
an apparent horizon [13, 40–42]. However, it is a non-violent
process that approaches at latter times the Hawking radiation
and Page’s evaporation law r′g = −κ/r2g , κ ∼ 10−3 − 10−4
[8, 29, 43]. It is also conceivable that the conditions are not
met before evaporation is complete or before effects of quan-
tum gravity become dominant [8, 31].
Moreover, even if the necessary NEC violation occurs in
nature, the process may be too slow to transform the UCOs
that we observe into PBHs. Eq. (18) sets the time scale of
the last stages of infall according to Bob. Assuming that it is
applicable through the radial interval of the order of rg, we
have tin ∼ rg/r′g. For an evaporating macroscopic PBH, this
is of the same order of magnitude as the Hawking process
decay time tevp ∼ 103r3g . Such behavior was found in thin
shell collapse models, where the exterior geometry is modeled
by a pure outgoing Vaidya metric [23]. For a solar mass black
hole this time is about 1064 yr, indicating that it is simply too
early for the horizon to form.
The possibility that exotic new physics is only needed for
the formation of black holes, but not for the formation of hori-
5zonless objects has interesting consequence for the informa-
tion loss paradox [8, 44, 45]. Its formulation is ineluctably
linked to the existence of the event horizon and singularity
[46]. Horizon avoidance [47] may thus occur due to the ab-
sence of new physics, and not because of it. A better un-
derstanding of the near-horizon geometry of PBHs will im-
prove models developed to take full advantage of the new era
of multi-messenger astronomy [4, 45], using observations not
only to learn about the true nature of astrophysical black holes,
but also to obtain new insights into fundamental physics.
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Appendix A: Some properties of k = 0 solutions
The EMT expansion for k = 0 solutions is given by
τt = −Υ2 +
∑
j>1
αj/2x
j/2, (A1)
τrt = −Υ2 +
∑
j>1
βj/2x
j/2, (A2)
τr = −Υ2 +
∑
j>1
γj/2x
j/2. (A3)
The first constraint can be read off from Eq. (17), giving
α12 + γ12 − 2β12 = 0, (A4)
where we have omitted the dash from fractional indices to re-
duce clutter. Additional constraints follow from the higher-
order expansion of Eq. (7).
The higher-order terms in the expansion
t(v, r+ + y) = t(v, r+) + y/r
′
g +O(y2) (A5)
are obtained by taking the limit r → rg of the corresponding
derivatives of dt/dr = −(ehf)−1. As a result
x = 0→ x = y − rg(v, r+ + y) = −
r′′g y
2
2r′2g
+O(y3). (A6)
Invariance of the MS mass, C+ = C, then allows to identify
the terms via
r+ + (1 + w1)y + w2y
2 + · · ·
= rg +
(
1− rg
√−r′′g√
2ξ
)
y +
1
3
r′′g
r′g
2
y2 + · · · , (A7)
where we have used Eq. (12) to simplify the coefficient of y
on the rhs.
Curvature scalars can be conveniently evaluated using the
expression for the Riemann tensor in the orthonormal frame
that is based on the normalisation (∂t, ∂r, ∂θ, ∂ϕ) [19]. In par-
ticular, the Kretschmann scalar K := RµνηζR
µνηζ satisfies
the simple expression
K = 4R2
0ˆ1ˆ0ˆ1ˆ
+8R2
0ˆ2ˆ0ˆ2ˆ
− 16R2
0ˆ2ˆ1ˆ2ˆ
+R2
1ˆ2ˆ1ˆ2ˆ
+ 4R2
2ˆ3ˆ2ˆ3ˆ
. (A8)
The EMT in this orthonormal basis has the form
Taˆbˆ =


q + µ1 q + µ2 0 0
q + µ2 q + µ3 0 0
0 0 P 0
0 0 0 P

 , (A9)
where
q = − Υ
4
√
pirgx
, (A10)
and the remaining coefficients are finite at the apparent hori-
zon. Analogous expressions can be obtained using (v, r) co-
ordinates.
Appendix B: Some properties of the fully regular solution
For non-extreme solutions the EMT expansion is
τt = Ef +
∑
j>3
αj/2x
j/2, (B1)
τrt = Φf +
∑
j>3
βj/2x
j/2, (B2)
τr = Pf +
∑
j>3
γj/2x
j/2. (B3)
The leading terms of the metric functions are
C = rg + 8pir
2
gEx+O(x3/2), (B4)
h = − ln x
ξ
+O(√x), (B5)
where 8pir2gE 6 1 due to the definition C(t, rg) = rg, f > 0
for r > rg. The functions P and Φ can be expressed as
P =
−1 + 4pir2gE
4pir2g
, Φ = ±1− 8pir
2
gE
8pir2g
. (B6)
However, only the extreme case E = 1/(8pir2g ) is con-
sistent for an evolving apparent horizon. Since the limit of
Eq. (16) results in
− w1
8pir2+
= Φ− E, (B7)
we have Φ = 0 and by Eq. (17) P = −E = −1/(8pir2g ). As
a result f ≈ c32x3/2 near r = rg, and the next term in the
expansion of τt is α2. Solving Eq. (6) results in
C(t, r) = r − 4
√
−piα2/3 r3/2g x3/2 +O(x2). (B8)
6Therefore ∂tC =
3
2r
′
gc32
√
x. On the other hand, the leading
term of the flux τrt is β2x
2, and to satisfy Eq. (7) the function
h that results from Eq. (8) should satisfy
∂xh = − 3
2x
= 4pi
(α2 + γ2)r
3
g
c232x
(B9)
at leading order. Since according to Eq. (B8)
α2 = − 3c
2
32
16pir3g
, (B10)
we have γ2 = α2, and according to Eq. (17) β2 = α2. At
leading order
h = −3
2
ln
x
ξ
+O(√x), (B11)
and Eq. (7) leads to
r′g = −c32ξ3/2/rg. (B12)
Direct evaluation ofR, RµνR
µν andK shows that this condi-
tion suffices to ensure their finite values on the apparent hori-
zon.
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